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Efficient Computational Method for Ballistic Currents
and Application to Single Quantum Dots
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Abstract. We present an efficient method for the calculation of the ballistic transmission function and current
through an arbitrarily shaped, multi-terminal two- or three-dimensional open device. The method is applicable to
cases where a ballistic current model is meaningful and charge self-consistency is not relevant, such as quantum dot
devices, quantum wires, or interferometer type of structures. As a concrete example, we study the electron escape
rate in self-assembled GaAs/InGaAs single quantum dots as a function of applied bias, as measured by photocurrent

experiments.
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1. Introduction

In recent years, zero dimensional heterostructures such
as quantum dots (QD) became a subject of increas-
ing attention experimentally as well as theoretically.
So far, most theoretical studies have focused on the
static electronic and optical properties of these atom-
like structures. On the other hand, many experimen-
tal groups investigate the transport properties of open
quantum dot devices either by resonant tunneling ex-
periments [1-5] or in photocurrent experiments [6—8].
The calculation of the tunneling transport of electrons
and holes through a realistic QD coupled to external
leads is extremely difficult and is basically out of reach
with present-day methods. Thus, the transport calcula-
tions that have been published so far either considered
simplified geometries [9-11] or very small structures
[12].

Recently, we have developed an efficient method to
calculate the ballistic transmission function and current

through an arbitrarily shaped, multi-terminal two- or
three-dimensional open device [13]. This method, that
we have termed contact block reduction (CBR) method,
allows us to study the transport properties of realis-
tic quantum dot structures. It is applicable to all cases
where the current is sufficiently small so that a ballis-
tic model is meaningful and charge self-consistency
is not relevant. This is the case for many quantum
dot devices, quantum wires, or interferometer type of
structures.

With the widely used QTBM [14,15] method, the
computational effort for the calculation of the ballis-
tic current through a 3D device of complex geometry
scales with the third power of the number of nodes or
grid points covering the entire device. This requires the
repeated inversion of matrices of typical size 10°-10°
for each energy step. In the CBR method, on the other
hand, this effort can be reduced to a single calculation
of a small percentage of the stationary states in the iso-
lated device plus the inversion of a small matrix that is
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governed by the number of propagating modes in the
leads.

In this paper, we first exemplify the CBR method by
studying tunneling through buried model quantum dots
mainly to illustrate the convergence of the method. Sec-
ondly, we predict the escape rates of captured electrons
in realistic overgrown self-assembled GaAs/InGaAs
quantum dot structures for various shapes and alloy
profiles and compare to recent experimental results [6].

2. Contact Block Reduction Method

In this section we briefly review the CBR method [13]
and use the device depicted in Fig. 1 to illustrate the
main ingredients. We assume Dirichlet boundary con-
ditions at the side walls, such that the current is one-
dimensional in the z-direction. The scattering region
in the middle section contains the barrier potential and
a cuboidally shaped quantum dot. The two leads are
assumed to continue infinitely to the right and left, re-
spectively. Within the leads, the Schrédinger equation
is assumed to be separable so that the propagating so-
lutions have the form v, (r//, z; E) = e'&Emy, (r))
with k, real and the transverse modes y,, (/) resulting
from the two-dimensional lateral Schrodinger equation
across the leads. According to the Landauer-Biittiker
formalism, the current from lead A to lead A’ an be ex-
pressed in terms of the transmission function 7;;/(E)
and the distribution functions of the leads. The trans-
mission function can be obtained from the retarded
Green’s function G of the open device (see, e. g. [16]):

Ty = Tr(T,GRT, GA),
T, =i(Z, — ).
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Figure 1. Model dot structure with outer dimensions of 40 x 40 x
20 nm with 2 semi-infinite leads and the interior containing a tun-
neling barrier region and a cuboidally shaped quantum dot.

The coupling to the leads is introduced via the self-en-
ergy matrix 3. We now consider separately the problem
of a closed system (decoupled device) that is described
by a Hermitian Hamiltonian H®, and the coupling X to
the attached leads. The retarded Green’s function GR
can be calculated via the Dyson equation

GR=[I-G"Z"'G". (1)

The key point of the CBR method is that the size of the
determinant det (I — G°Y) is governed by the size of
3 that is small and nonzero only at the contacts. Thus,
the Green’s function of the decoupled device,

0 011 1Va) (Yl
G%E) = [EI - H"] _Xa: oL )
is only needed at the contacts. The eigenfunctions are
obtained by solving the Schrédinger equation of the de-
coupled device once for all, employing von Neumann
boundary conditions at the contacts. The use of these
boundary conditions grossly reduces the needed range
of the eigenvalue spectrum of H? in the calculation of
the transmission function; a few percent of the eigenval-
ues are usually sufficient. The remaining task of solv-
ing the Dyson equation for each energy is also reduced
(typically by an order of magnitude) by the fact that
only propagating modes need to be taken into account
in T(E).

In passing we note that the CBR method is similar to
the R-matrix method [9,17] that is known from atomic
physics, but the present method can be applied to any
type of self-energy matrix and allows a straightforward
generalization of the formalism to the multi-band case.

3. 3D Model Dot Resonant Tunneling Structure

We first calculated the transmission through a model
quantum dot resonant tunneling structure depicted in
Fig. 1. There is a cuboidal dot of 14 nm lateral diameter
and 5 nm thickness embedded within a 15 nm thick
barrier region. For the calculation we used a one-band
Hamiltonian with an electron mass of 0.067 [m] and
barrier heights of 0.4 eV. The potential has been set to
zero in the leads and to —0.2 eV within the dot. The
total size of the device region is 40 x 40 x 20 nm.
With a grid spacing of 1 nm, this leads to a matrix
size of 35000 for H. To check the convergence with
respect to the number of eigenstates included in Eq. (2),
we have calculated the transmission function for zero



Efficient Computational Method for Ballistic Currents and Application 271

-
o

Voo
(2]

-
m

mission function
-—
m =}
& o

7
24F

00 01 02 03 04 05
Energy [eV]

Figure 2. Transmission function versus energy in eV for the struc-
ture depicted in Fig. 1. The inset shows the result when 200, 400, or
600 eigenstates are included in the calculation of the Green’s function
of the decoupled device in Eq. (2), respectively.

applied bias including 200, 400 and 600 eigenstates,
respectively (Fig. 2).

The inset in Fig. 2 shows that the peak values of
the transmission are well converged already with very
few eigenstates, whereas the non-resonant part of 7' (E)
converges rather slowly. Indeed, only a single reso-
nant eigenstate contributes to the transmission close to
the corresponding pole of G® whereas all eigenstates
contribute otherwise, with a weight that is inversely
proportional to the energy. Fortunately, the current is
dominated by the peak values of T(E) so that the /-V
characteristics is insensitive to the number of eigenval-
ues included. The limiting factor in our calculations is
the storage rather then the computer time for the diag-
onalization of the sparse matrix H. In Fig. 3, we show
the calculated ballistic current, where we assumed a
Fermi level of 60 meV and zero temperature in each
lead.

We note that the chosen total lateral size of the device
in Fig. 1 (40 nm) is sufficiently large so that it does
not influence the transmission and the current through
the dot. We checked this explicitly by repeating the
caculation for a 60 nm wide device.
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Figure 3. The ballistic current through the model quantum dot
structure shown in Fig. 1, assuming a Fermi level of 60 meV in
each lead and zero temperature.

4. Electron Escape Rate
in InGaAs-Quantum Dots

Several experimental groups [6—8] have fabricated
Schottky diode structures with embedded self-
assembled InGaAs quantum dots and have been able
to perform photocurrent measurements on single dots
as a function of the applied voltage. If this voltage is
sufficiently large, the resonantly generated exciton gets
ionized and the electron tunnels out of the dot before
the exciton can recombine radiatively. Therefore, the
line width of the exciton absorption is a measure of its
decay rate via recombination and tunneling escape [6—
8]. We will specifically focus on the device structure
fabricated by Oulton et al. [6] that show a zero-field
exciton energy of 1.255 eV.

We have implemented the CBR method into our nan-
odevice simulation tool nextnano® [18-20]. This en-
ables us to investigate the tunneling rate through real-
istic quantum dot structures for various dot shapes and
alloy profiles including the GaAs substrate and a 1 nm
thick In 4Ga ¢As wetting layer. The strain is calculated
via minimization of the elastic energy; the resulting
band shifts and splittings and the piezoelectric charges
are fully taken into account. By applying appropriate
boundary conditions to the total structure, the width of
the resonance peak is equivalent to the decay rate of
the quasi bound states inside the quantum dot.

Concretely, Fig. 4 shows a cross section of the band
edge states near the InGaAs quantum dot region and
cutting through the center of the dot, for an electric
field of 100 kV/cm. The wetting layer is 1 nm thick and
consists of In 4Ga gAs. TEM measurements suggest an
approximate dot height of 4 nm.
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Figure4. Conduction and valence band edge for a slice through the
center of a 4 nm high InGaAs quantum dot with linear alloy profile
grown on a 1 nm thick wetting layer. The applied field is 100 kV/cm.
The electron state in the quantum dot can escape with a rate I', to
the right as indicated schematically in the figure. Analogously, the
hole may escape to the left with a rate I',.
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Figure 5. The two principally different types of dot shapes that are
considered in the present calculations. The lateral diameter of the
lens-shaped dot and the obelisk is taken as 22 and 20 nm, respectively.

Keeping the zero field exciton energy equal to the
measured one, we have investigated the tunneling
through dots of two principally different shapes, a lens
and a truncated pyramid (obelisk) namely (see Fig. 5)
and we have taken heights of 3 nm and 4 nm in both
cases. In one case, we have a assumed a trumpet-shaped
alloy profile [21]; since its effect on the electron tun-
neling rate is small, we have used a linear alloy profile
with increasing Indium content towards the tip of the
dot in all other cases.

The computational effort amounts to the follow-
ing. First, we find approximately the 300 to 400 low-
est eigenstates of the Hamiltonian of total dimension
N ~ 80000. In the small energy interval close to the
ground state of the quantum dot that is relevant for
the tunneling out of the dot, only very few lead-modes
propagate. Therefore, the dimension of the matrix that
has to be inverted for each energy is smaller then 100.
As a consequence, the computational costs are domi-
nated by the solution of the eigenvalue problem.

In Fig. 6, we compare our theoretical results with
the experimental data. Shown are the predicted line
widths of the various dots that we have investigated,
compared to the experimental values. All theoretical

=== Experiment
—o— Obelisk, 4 nm,Trumpet
—o— Obelisk, 4 nm, Linear

g
=)

—v— Obelisk, 3 nm, Linear
—a— Lens, 4 nm, Linear

—o—Lens, 3nm, Linear//'
,: o// A
et (:Ij

0.0
60 80 100 120 140
Electric field [kV/cm]

@
'S

Line width [meV]
=]
o

Figure 6. The experimentally measured exciton line width is plot-
ted as a function of the applied electric field (full squares, Ref. [6])
and compared with the present theoretical calculations for various
quantum dot shapes (obelisk or lens), heights (4 nm or 3 nm), and
alloy profiles (trumpet or linear).

data have been shifted by an offset of 0.085 meV that
is equal to the observed zero-field line width [6]. Since
the tunneling rates depend exponentially on the bar-
rier heights which in turn depend on band offsets that
are not accurately known, the agreement between the-
ory and experiment is only semi-quantitative. Never-
theless, the comparison clearly shows that lens-shaped
and thinner quantum dots exhibit significantly higher
tunneling rates than pyramidal and thicker dots.

5. Conclusion

We have shown that the CBR method can be success-
fully and efficiently applied to study realistic three-
dimensional quantum devices. It enables one to cal-
culate the ballistic transport properties of much larger
systems than previously and allows for the detailed in-
vestigation of properties such as tunneling rates and
current-voltage characteristics.
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