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This paper reviews the present status of recently developed ab-initio as well as semiempirical electronic
structure methods that are particularly suited for semiconductors and mesoscopic semiconductor struc-
tures. In assessing each method, we provide some additional and hitherto unpublished details about its
implementation. In the first part of the paper, we discuss two important extensions of the local density
functional theory, the screened-exchange and the exact exchange method namely. We proceed with a
discussion of the relativistic local density method that is essential for a prediction of spin-related phe-
nomena in semiconductors. Finally, we review a rather complete and extensve implementation of the
envelope function approach for arbitrary three-dimensional nanometer device structures.
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1 Introduction

The quickly progressing technology of semiconductor quantum structures requires and depends on
reliable predictive theoretical methods for systematically improving, designing, and understanding the
electronic and optical properties of such structures. In this paper we will review the present status of
some major electronic structure methods for a wide variety of mesoscopic semiconductor structures at
or close to thermodynamic equilibrium. Since this work is published as a final report of a center of
excellence, we will primarily focus on methods that we have developed or at least contributed to in
the context of semiconductor devices. To develop electronic structure methods methods for nanode-
vices is an extremely challenging task. First of all, even the smallest semiconductor quantum structure
such as a single quantum dot contains hundreds of thousands of atoms. Since the most accurate theo-
retical electronic structure methods are based on a microsocopic description that includes the details
of each atom, such methods cannot be applied directly to mesoscopic systems. Secondly, such struc-
tures are often not in thermodynamical equilibrium, but are biased and contain considerable carrier
concentrations that add long-range potentials to the nano-scale periodic crystal potential. These prob-
lems can only be tackled within continuum approaches that interpolate carefully between the micro-
scopic physics and macroscopic descriptions. While there are many electronic structure methods that
are optimized to some material class and length scale, there is obviously none without problems and
significant weaknesses. In this review, we will start with several ab-initio methods that have been
developed or optimized for semiconductors, provide illustrative examples, and then discuss the adapta-
tion of continuum theories bases on the envelope function theory to semiconductor nanostructures.
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The reader may wonder why this paper does not discuss the ocean of methods that lie between ab-
initio and continuum models, such as empirical tight binding [1] or empirical pseudopotential methods
[2], even though both methods have shown to be capable of dealing with systems that consist of up to
one million atoms. The problem with these intermediate methods is their limited predictive power,
their limited generality, and their computational effort that lies annoyingly close to that of ab-initio
methods. While these methods undoubtedly play an important and useful role for many problems, we
believe that continuum approaches with parameters that have been determined by ab-initio methods
are most suitable for semiconductor quantum devices.

Ab-initio methods have proven exceedingly useful for predictions of physical properties of mole-
cules or periodic systems with unit cells of no more than a few hundred atoms [3]. In addition, they
can provide reliable parameters for continuum approaches. Most ab-initio calculations for semiconduc-
tor structures have been and are being performed within the local density approximation (LDA) [4] or
the generalized gradient approximation (GGA) [5, 6] to density functional theory [7]. Unfortunately,
both of these methods are plagued by the so-called “band gap problem”; they predict band gaps in
bulk semiconductors that are way too small. Associated with this problem, one finds that effective
masses are often significantly underestimated as well, which then shows up in optical properties etc.
One remedy is to correct an LDA calculation a posteriori by calculating quasiparticle self-energies in
terms of the so-called GW method [8, 9]. In this review, we will discuss two fully self-consistent
schemes that both lead to much improved band gaps and simultaneously predict satisfactory structural
properties of semiconductors. These methods have been called screened-exchange LDA (sX-LDA)
[10, 11] and the exact exchange method (EXX) [12], respectively.

In the context of quantum devices, spin phenomena in semiconductors have become particularly
important. We have developed and refined LDA based ab-initio calculations that are based on relati-
vistic pseudopotentials and include the spin-orbit interaction nonperturbatively. We will therefore re-
view these developments and demonstrate their accuracy by discussing spin splitting in semiconduc-
tors and heterostructures.

Finally, we will turn to mesoscopic systems. Based on the envelope function approach, and making
use of results obtained with the ab-initio methods, we have developed a program package that allows
one to study the electronic structure and optical properties of basically arbitrarily shaped three-dimen-
sional semiconductor nano-structures and optoelectronic nano-devices. This package, termed nextnano3

is also discussed together with illustrative examples.
The paper is organized as follows. In Sec. 2 the theoretical basis of the two realizations of the

density functional theory beyond the LDA are presented. The examples of practical applications of
these schemes in semiconductors demonstrate superiority of these approaches in comparison to the
standard LDA method. New developments allowing to investigate efficiently the relativistic effects in
the band structure of semiconductors are sketched in Sect. 3. The electronic structure methods for
mesoscopic systems are discussed in Sec. 4.

2 Methods with new density functionals

In density functional theory, the standard Kohn–Sham-equations for one particle orbitals fi and ener-
gies ei read [4]

½� 1
2r2 þ vextðrÞ þ uðrÞ þ vxðrÞ þ vcðrÞ� fiðrÞ ¼ eifiðrÞ ; ð1Þ

where vextðrÞ is the external potential, vxðrÞ ¼
dEx½q�
dqðrÞ and vcðrÞ ¼

dEc½q�
dqðrÞ are the exchange and correlation

potential, respectively. The local potential vxðrÞ and vcðrÞ are functional derivatives of the exchange energy
and correlation energy functional with respect to the one-particle densities, respectively. The correlation
energy functional Ec½q� is generally unknown and must be approximated in any implementation of density
functional theory. Within the LDA and GGA methods, both the exchange functional Ex½q� and the correla-
tion energy are approximated by expressions that are derived from the homogeneous electron gas.
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Here we discuss two alternative approaches to LDA or GGA. In one case, one derives single-parti-
cle equations from a nonlocal functional, invoking the idea that it may be simpler to find adequate
approximations to the nonlocal electron–electron interaction rather than to find an accurate local den-
sity functional. Indeed, the Hartree–Fock method is such an example. This approach has originally
been proposed by Kleinman and Bylander [10] and has been termed screened-exchange (sX-LDA)
method. Secondly, we discuss a method that is based on the Kohn–Sham equations but eliminates one
of the two approximations in this scheme: the local exchange potential vxðrÞ is calculated exactly.
This procedure has been termed exact exchange method [12].

2.1 Screened, nonlocal exchange method

This method belongs to the class of generalized Kohn–Sham schemes (GKS) where non-local (Har-
tree–Fock like) potentials are included in the single-particle equations. This method has been origin-
ally developed in Ref. [10]. Seidl et al. [11] have proven that this method is a rigorous density func-
tional theory that is protected by a minimization principle, developed it further and applied it to
semiconductors. Here we review the basic principle of this approach that has recently been implemen-
ted in a commercial software [13].

Let us denote by Esx
x a statically screened exchange interaction with the Thomas–Fermi screening

constant kTF,

Esx
x ¼ �

PN
i<j

ð
dr dr0

f*iðrÞ f*jðr0Þ e�kTFjr�r0 j fjðrÞ fiðr0Þ
jr� r0j : ð2Þ

The basic idea of the method is to calculate the screened nonlocal electron–electron interaction
exactly and treat all remaining terms in the total energy functional within LDA. The resulting general-
ized Kohn–Sham equations (sX-LDA equations) take the form

½� 1
2r2 þ vðrÞ þ uð½q�; rÞ þ vsxx ð½q�; rÞ þ vcð½q�; rÞ�fiðrÞ �

Ð
dr0 vsx;NLx ðr; r0Þfiðr0Þ ¼ eifi ; ð3Þ

vsx;NLx ðr; r0Þ ¼ �
XN
j¼1

fjðrÞ e�kTF jr� r0jf*jðr0Þ
jr� r0j ; ð4Þ

where v̂vsx;NLx is the nonlocal screened exchange operator, uð½q�; rÞ is the electrostatic Hartree potential,
and vsxx ð½q�; rÞ is the functional derivative of ~EEsx

x ½q� = Ex½q� � Esx
x ½q� with respect to the density. The

functional ~EEsx
x maybe approximated by LDA as follows

Ex½q� ’ ELDA
x ½q� ¼

Ð
dr qðrÞ Ex½q� ; ð5Þ

Esx
x ½q� ’ Esx;LDA

x ½q� ¼
Ð
dr qðrÞ Esx½q� ; ð6Þ

with [14]

Ex½q� ¼ � 3
4

3
p

� �1=3

q1=3 ; ð7Þ

Esx½q� ¼ � 3
4

3
p

� �1=3

q1=3FðzÞ ; ð8Þ

FðzÞ ¼ 1� 4
3
z arctan

2
z
� z2

6
1� z2

4
þ 3

� �
ln 1þ 4

z2

� �� �
: ð9Þ

Here, z ¼ kTF=�kkF and �kkF is the Fermi wave vector corresponding to the average density. Thus, these
energy contributions are approximated by functionals corresponding to the homogeneous electron
gas.
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2.1.1 Band gaps and structural properties in sX-LDA

This screened-exchange (sX-LDA) scheme has been implemented and used to study electronic and
structural properties of several semiconductors [11]. The computations have been performed in the
framework of the plane-wave pseudopotential method [15, 16], employing the ab initio norm conser-
ving semilocal pseudopotentials of Bachelet, Hamann and Schl�ter (BHS) [17]. The numerically most
demanding part is the computation of the plane-wave matrix elements of the nonlocal exchange opera-
tor.

Figure 1 shows a significant increase in the calculated principal sX-LDA band gaps of Si, Ge,
GaAs, InP and InSb compared to LDA results that have been obtained with the same BHS pseudopo-
tentials and with the same experimental lattice constants. For materials that contain heavier anions
(Ge, GaAs, and especially InSb), the spin-orbit interactions cannot be neglected. It is well established
that the spin-orbit effects can be added perturbatively a posteriori in the LDA-pseudopotential frame-
work. Consequently, we have simply decreased the calculated non-relativistic gaps by one third of the
experimental valence band spin-orbit splitting at G (13D0). The resulating energy gaps between the
lowest conduction band states in G , X, and L points and the top of the valence band and the valence
band widths are summarized in Table 1.

We note that both Ge and InSb bulk semiconductors turn out to be metallic within the LDA. In
InSb, even nonrelativistic LDA calculations that use pseudopotentials [18, 20] or the linearized aug-
mented plane wave method [20] predict a negative gap at G , whereas the present non-relativistic sX-
LDA procedure gives a positive gap of 0.495 eV. Taking the experimental value for the spin-orbit
splitting in InSb, one obtains an sX-LDA band gap of 0.23 eV that perfectly matches the experimental
band gap of 0.235 eV. Table 1 and Fig. 2 illustrate the significant overall improvement of the pre-
dicted band gaps throughout the Brillouin zone by the sX-LDA method. Generally the sX-LDA meth-
od predicts energy gaps in similarly good agreement with experiment as the GW method does but it
additionally yields total energies and is fully self-consistent. There is a remaining minor problem with
the semiconductor Ge that is incorrectly predicted to be a direct gap material but one cannot exclude
this to be an artefact of the pseudopotential employed.

Table 2 displays the calculated structural properties of various bulk semiconductors as obtained by
the sX-LDA method. The relative errors in the lattice constants a are below 0.5%, when compared to
experiment. Since these errors are so small, we have calculated all energy gaps at the experimental
lattice constants. The effect of zero point motion of the ions on a is one order of magnitude smaller
than the remaining discrepancies between theory and experiment and has been neglected. Table 2 also
shows that the bulk moduli predicted by sX-LDA underestimate the experimental values by typically
20%, and agree less well with experiment than the standard LDA results.

All the results discussed in this subsection have been obtained with the Thomas-Fermi (TF) dielec-
tric function, using the valence electron density in the screening constant kTF. Several alternative
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Fig. 1 Fundamental energy gaps in Si, Ge,
GaAs, InP, and InSb calculated in sX-LDA meth-
od compared to the LDA and experimental val-
ues.

Fig. 2 Direct (G1c) and indirect (L1c and X1c) en-
ergy gaps, relative to the valence band top, in GaAs
calculated in sX-LDA method compared to the LDA
and experimental values.
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screening models have been also tested [11] but lead to very similar results. We note that the sX-LDA
method has recently been implemented in the framework of the linearized augmented plane wave
method (LAPW) and successfully applied to a broad spectrum of bulk materials [13, 29]. More recent
implementations employ more accurate screening models [30].

2.2 Exact exchange Kohn–Sham formalism

We now turn to another density functional method, named EXX, that allows one to treat the exchange
interaction in solids exactly and has been proposed in Ref. [31]. In this method, only local potentials
enter the single-particle Kohn–Sham equations. It has been used to calculate lattice constants, cohe-
sive energies, Kohn–Sham eigenvalues, dielectric functions, and effective masses of various zinc-
blende semiconductors. Interestingly, all of these quantities turn out to be in very good agreement
with experiment. From a theoretical point of view, the EXX method cures a principal weakness of
LDA, namely the spurious self-interaction that is caused by an incomplete cancellation of the Hartree
interaction and the approximate LDA exchange functional. This unphysical self interaction leads to a
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Table 1 Energy gaps between the lowest conduction states and the valence band edge and valence
band widths (VBW) of Si, Ge, GaAs, InP, and InSb from present sX-LDA with Thomas-Fermi screen-
ing and LDA calculations compared to available experimental results taken from Ref. [21] except
where noted. Energies are in eV.

Si Ge GaAs InP InSb

EðGÞ 3.37 0.28 1.11 1.60 0.21
ELDAðGÞ 2.54 –0.06 0.44 0.94 –0.32
EexpðGÞ 3.05ð1Þ, 3.4 0.89 1.52 1.42 0.24
EðXÞ 1.55 1.45 2.35 2.75 1.82
ELDAðXÞ 0.61 0.61 1.32 1.64 1.06
EexpðXÞ 1.25ð1Þ 1.3 � 0.2 1.98 2.38 1.79
EðLÞ 2.18 0.66 1.70 2.45 1.02
ELDAðLÞ 1.44 0.07 0.91 1.56 0.35
EexpðLÞ 1.65 � 0.01 0.74 1.81 2.03 –

2.1, 2.4 �0.15ð2Þ

VBW 12.47 13.41 13.40 11.91 11.02
VBWLDA 11.94 12.80 12.40 11.20 10.48
VBWexp 12.5 � 0.6 12.6,12.9 � 0.3ð3Þ 13.1 11.0 11.7, 11.2ð4Þ

(1) – Ref. [22], (2) – Ref. [23], (3) – Ref. [24], (4) – Ref. [25]

Table 2 Theoretical lattice constants (in �A) and bulk moduli (in GPa), both obtained from fit to
Murnaghan’s equation of state [26], of Si, Ge, GaAs, and InP in sX-LDA with Thomas–Fermi screen-
ing. Experimental values are from Refs. [21] and [27].

Si Ge GaAs InP

a0 5.421 5.635 5.627 5.776
aLDA0 5.37ð1Þ 5.567ð1Þ 5.51ð1Þ 5.74ð2Þ

aexp0 5.43 5.657 5.652 5.869
B0 89.3 62.7 63.1 65.5
BLDA
0 96.8ð1Þ 76.2ð1Þ 77.8ð1Þ 76.0ð2Þ

Bexp
0 87.6–97.9 73.4–75.8 75.3–76.9 72.5

(1) – Ref. [28], (2) – Ref. [20]
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self-repulsion which pushes up all occupied bands but does not affect the empty ones. As a conse-
quence, the energy gap is underestimated in LDA. In addition, this self-repulsion leads to much too
shallow excited states in atoms and molecules. The EXX method treats the exchange energy exactly
and thus cures, in a systematic way, this notorious problem of DFT and guarantees a correct asympto-
tic (r ! 1) behavior of the Kohn–Sham potential.

The exact exchange energy functional in the Kohn–Sham approach is given by

Ex½q� ¼ � e2

2

Xocc
ij

ð ð
dr dr0

j*iðrÞ jiðr0Þ jjðr0Þ j*jðrÞ
jr� r0j : ð10Þ

Ex½q� is implicitly a functional of density, but explicitly only its dependence on the set of occupied
Kohn–Sham orbitals is known. Thus, it is not straightforward to calculate the corresponding exchange

potential vxðrÞ ¼
dEx½q�
dqðrÞ . For free atoms, this goal has been already achieved for many years by what

is known as the optimized effective potential (OEP) method [32]. In that case, the exchange potential
is obtained from an integral equation. The OEP formalism was originally meant to approximate the
Hartree–Fock method by constructing a local potential whose eigenfunctions minimize the expectation
value of the Hartree–Fock Hamiltonian. Only later it has been recognized that such an approach
represents an exact exchange-only Kohn–Sham method within density-functional theory [12]. Unfortu-
nately, due to its complexity, the original OEP scheme is only applicable to one-dimensional systems
with spherical symmetry. A straightforward generalization of the OEP scheme for solids is not possi-
ble. Nevertheless, several approximate approaches have been developed to extend this method to so-
lids. One approach used a spherical shape approximation for the potential and treated the ion cores
nonrelativistically [33–37]. The second approach approximated the one-particle Green function by
replacing some eigenvalue differences by a constant [38, 39]. The latter approximation – known as
the KLI method – was shown to affect the OEP results for atoms only negligibly [38, 40, 41]. Impor-
tantly, both schemes gave encouraging results for band structures in semiconductors and insulators
[37, 39, 42–44].

In a series of papers, G�rling and others [31, 45–48], including some of the authors of this review,
have been able to show that the exact exchange potential vxðrÞ for three dimensional systems can be
rigorously expressed in terms of linear response functions of the noninteracting system [31, 45–48].
Based on this approach, that will be detailed below, solid state calculations have become possible.
Very recently, it has been shown that the exact OEP potential for a crystal may be constructed itera-
tively from the first order shifts of the Kohn–Sham orbitals [49, 50]. This new method appears to be
simpler that the former one [31, 45–48] as it does not require one to sum over the unoccupied Kohn–
Sham states nor to invert the response matrix. However, this method has been applied only for atoms
and sodium clusters up to now [50]. In the following, we detail the main points of the construction of
the vxðrÞ in terms of the EXX method [31] and discuss some applications.

2.2.1 Theory

The difficulty in calculating the exact VxðrÞ lies in the fact that Ex½q� in Eq. (10) is explicitly known
only in terms of the Kohn–Sham orbitals but not in terms of the density qðrÞ. Nevertheless, this
functional derivative can be determined explicitly by noting that it is sufficient to determine the infini-
tesimal (first order) change in the exchange energy, dEx½q�, with respect to an infinitesimal (charge-
conserving) change dqðrÞ in the density. The central idea of the EXX method [51] is to split the

functional derivative in vxðrÞ ¼
dEx½q�
dqðrÞ into separate terms each of which can be calculated exactly. By

employing the chain rule, we can write

VxðrÞ ¼
dEx½q�
dqðrÞ ¼

X
vk

ð
dr0

ð
dr00

dEx½q�
djvkðr0Þ

djvkðr0Þ
dVKSðr00Þ

þ c:c:

� �
dVKSðr00Þ
dqðrÞ : ð11Þ
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In Eq. (11) and in what follows, we have used a notation that is suitable for solids; We denote the
occupied and empty states as valence (vk) and conduction (ck) states of given Bloch vector k, respec-
tively. All three functional derivatives on the right hand side of Eq. (11) may be calculated directly as
will be outlined below. The first one is obtained by straightforward differentiation of Ex½q� in Eq. (10)
and reads

dEx½q�
djvkðr0Þ

¼ �e2
X
v0k0

ð
dr1

j*v0k0 ðr0Þ j*vkðr1Þ jv0k0 ðr1Þ
jr1 � r0j : ð12Þ

The second one is the first order change in the Kohn–Sham orbitals induced by an infinitesimal
change in the Kohn–Sham potential. In analogy to first order perturbation theory, one obtains

djvkðr0Þ
dVKSðr00Þ

¼
X

n0k0 6¼vk

jn0k0 ðr0Þ
j*n0k0 ðr00Þ jvkðr00Þ

evk � en0k0
: ð13Þ

Insertion of Eqs. (12) and (13) into (11) leads to

VxðrÞ ¼
ð
dr0

X
vck

hvkj V̂VNL
x jcki j

*ckðr0Þjvkðr0Þ
evk � eck

þ c:c:

� �
dVKSðr0Þ
dqðrÞ ; ð14Þ

where hr j cki ¼ jckðrÞ are the unoccupied conduction band Kohn–Sham orbitals. Note that the non-
local operator V̂VNL

x has the same form as the Hartree–Fock exchange operator but is built of Kohn–
Sham rather than of Hartree–Fock orbitals. In real space, it is an integral operator with the kernel

VNL
x ðr; r0Þ ¼ �e2

X
vq

jvqðrÞj*vqðr0Þ
jr� r0j ; ð15Þ

whereas it reads in reciprocal space

VNL
x ðk;G;G0Þ ¼ � 4p e2

W

X
vqG1

CvqðG þ G1ÞC*vqðG0 þ G1Þ
jq� kþ G1j2

; ð16Þ

where G;G0;G1 denote reciprocal lattice vectors, CvqðGÞ ¼ hqþ G j vqi is the plane wave expansion
coefficients of the Bloch function jvqi associated with G, and W is the crystal volume. The third
remaining functional derivative in Eq. (11) is the first order change in the Kohn–Sham potential
induced by a small change in the density. In order to calculate it, it is easier to consider the inverse
functional derivative since it can be obtained from linear response theory of independent particles and
we determine this quantity first. One has

dqðrÞ
dVKSðr0Þ

¼ c0ðr; r0Þ ;

c0ðr; r0Þ ¼ 2
X
vck

j*vkðrÞ jckðrÞ j*ckðr0Þ jvkðr0Þ þ c:c:
evk � eck

: ð17Þ

We require that a first order change in the Kohn–Sham potential always induces a change in the
density that is also of first order. In this case, the Hohenberg-Kohn theorem guarantees a one-to-one
mapping [51] between dqðrÞ and dVKSðrÞ. However, this mapping excludes constant potential changes
since a rigid potential shift has no effect on the wave functions and the density. With Eq. (17), this
implies that one hasÐ

dr0 c0ðr; r0Þ ¼ 0 : ð18Þ
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Thus, the mapping c0 cannot be inverted and we need to consider a restricted function space that
excludes constant changes of the KS potential. This is most easily achieved through a Fourier expan-
sion which leads to [52]

dqðGÞ ¼
X
G0

c0ðG;G0Þ dVKSðG0Þ ;

c0ðG;G0Þ ¼ 4
W

X
vck

hvkj e�iGr jcki hckj eiG0r jvki
evk � eck

: ð19Þ

All charge conserving changes in the density lie within the sub-space G 6¼ 0. In addition, the sub-
space G0 6¼ 0 excludes all constant potential changes. Therefore, the sub-matrix of c0 with both G and
G0 6¼ 0 – that we denote by ~cc0 – is regular and can be inverted unambiguously. After a straightfor-
ward transformation of Eq. (14) to reciprocal lattice space, we arrive at the following exact expression
for the exchange potential in Eq. (14),

VxðGÞ ¼
X
G0 6¼0

½EðG0Þ þ E*ð�G0Þ� ~cc�1
0 ðG;G0Þ ;

EðGÞ ¼ 2
W

X
vck

hvkj V̂VNL
x jcki hckj e�iGr jvki

evk � eck
: ð20Þ

In a self-consistent Kohn–Sham calculation, both quantities ~cc0ðG;G0Þ and EðGÞ in Eq. (20) have to be
updated in each step of the iteration cycle. For a system with inversion symmetry, one has
E*ð�GÞ ¼ EðGÞ. The present formalism does not yield the spatial average of the exchange potential,
i.e. its G ¼ 0 component. Indeed, exchange-correlation potentials are defined only up to an additive
constant in the Kohn–Sham formalism with fixed particle number. VxðG ¼ 0Þ does not enter the total
energy or eigenvalue differences and may be set to zero without loss of generality.

By construction, the exact exchange energy cancels the self-interaction contributions in the Hartree
energy. Therefore, a calculation of the exact exchange potential Eq. (20) yields a realization of Kohn–
Sham theory that is rigorously self-interaction free, in contrast to the LDA and GGA. In addition,
expression Eq. (20) satisfies all scaling relations and asymptotic convergence laws that are known for
the Kohn–Sham exchange potential [53, 54]. Even though Eqs. (14) and (20) show that the value of
VxðrÞ at any point r depends on the Kohn–Sham wave functions and eigenvalues in the whole unit
cell, the locality of the exchange potential significantly simplifies band structure calculations, since it
is independent of the Bloch wave vector.

We would like to emphasize that there is an important conceptual difference between the EXX
exchange scheme and Hartree–Fock. In the Hartree–Fock formalism, the single particle equations
contain a nonlocal exchange potential, and they provide an approximate solution of the many electron
problem. By contrast, the EXX formalism leads to a local exchange potential and provides, in princi-
ple, an exact solution of the many-body problem if it is augmented by the exact correlation potential.
Finally, we point out that the procedure outlined in Eqs. (11)–(20) can be applied not only to the
Kohn–Sham realization of density functional theory but also to generalized Kohn–Sham schemes as
described in the previous subsection; the present procedure allows one to take the functional derivative
of any orbital dependent expression with respect to the electron density.

2.2.2 EXX pseudopotentials

The EXX scheme has been implemented for solids in the framework of the plane wave pseudopotential
formalism. This brings up an additional problem, namely the issue of consistency between the atomic
pseudopotentials and the calculation of the valence electron energy functional in the solid. Within
LDA, the construction of ab-initio ionic pseudopotentials is well established and straightforward [55].
The construction of EXX pseudopotentials, on the other hand, is far from being trivial [56, 57]. Here
we would like to summarize the main points that are needed to construct EXX-pseudopotentials.
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The starting point for the generation of norm-conserving EXX pseudopotentials are relativistic ex-
act-exchange (REXX) calculations for atoms [58–60]. The resulting REXX equations are valid for
arbitrary open shell systems with a non-spherical electron density qðrÞ. In this form, however, they are
not well adapted to the construction of transferable pseudopotentials. “Good” pseudopotentials de-
scribe the interaction of extended valence states with a closed-shell ion core and should not depend on
the detailed valence electron configuration they are embedded into. Therefore, it is necessary to em-
ploy an appropriate symmetrization scheme that transforms the open-shell atoms into species with
spherical symmetry, characterized by a spherical electronic density qðrÞ and a spherical Kohn–Sham
potential vsðrÞ. This can been achieved by performing generalized configuration-averaging procedure
that eliminates the explicit dependence of the Kohn–Sham potential on atomic subshells [56]. Such a
procedure yields the one electron energies Enlj and radial two-component spinors ðfnlj; gnljÞ>, where n
is the main quantum number, j is the component of the total-angular-momentum, and l is the spatial
angular momentum quantum number. The calculation of Enlj and ðfnlj; gnljÞ> for the ground state of the
neutral atom is the first step in the generation of the pseudopotential. In the next step, one constructs
the pseudo-wave functions jlj for the valence electrons. Beyond the cutoff radius rlc, one sets them
equal to the large component of the corresponding all-electron wave function, jps

lj ðrÞ ¼ fljðrÞ. Within
the core radius, one assumes nodeless functions, following reference [55] for standrad pseudopoten-
tials. In addition, one requires the norm of jps

lj , integrated up to rlc, to be equal to the norm of the
corresponding two-component radial spinor. The pseudo-wave functions jps

lj obey the pseudopotential
Schr�dinger equation with eigenvalues equal to the l- and j-dependent all-electron energies of the
valence electrons,

� d2

dr2
þ lðlþ 1Þ

r2
þ Vps

lj ðrÞ � Elj

� �
fps
lj ðrÞ ¼ 0 : ð21Þ

Note that the index n has been dropped here, since the orbital quantum numbers (lj) uniquely deter-
mine the pseudo-valence states [56, 57].

In the next step, the screened pseudopotential with components Vps
lj ðrÞ can be obtained by inverting

Eq. (21). It is this inversion that causes the pseudopotential to be lj-dependent despite the fact that the
all-electron Kohn–Sham potential is lj-independent. The remaining task is to determine the ionic
pseudopotential V ion, i.e., the potential of a single valence electron in the field of the atomic core.
This potential needs to be extracted from Vps

lj through elimination of the electron-electron interaction
between the pseudo-electrons. This so-called unscreening procedure is the major non-trivial step with-
in the REXX scheme. In the neutral pseudo-atom, the pseudo-electrons move in an effective potential
that may be written as a sum of the ionic pseudopotential V ion and a screening potential Vps

screen,

Vps
lj ðrÞ ¼ V ion

lj ðrÞ þ Vps
screenð½qps�; rÞ ; ð22Þ

Vps
screenð½qps�; rÞ ¼ vpsH ð½qps�; rÞ þ vpsx ð½qps�; rÞ þ vpsc ð½qps�; rÞ : ð23Þ

The potential Vps
screen is a functional of the pseudo-electron density qps and contains the same density-

functionals as the ones entering the all-electron calculation. In the LDA (or GGA) scheme, the Hartree
potential vH , the correlation potential vc, as well as the exchange potential vx are known explicit
functions of the pseudo-electron density. In such a case, the unscreening of the atomic pseudopoten-
tials can be performed straightforwardly by subtracting Vps

screen from Vps
lj [55]. Similarly, the ionic

pseudopotentials in the Hartree–Fock method [61–63] can be obtained simply by subtracting from
Vps the Coulomb and non-local exchange contribution due to the valence electrons. This contribution
is an explicitly known functional of the pseudo-orbitals and has the same form as its all-electron
correspondent because the Hartree–Fock Coulomb and exchange potential consists of additive contri-
butions of all occupied orbitals. Similar arguments apply to other pseudopotential methods where the
explicit dependence of the screening potential on the orbitals is known, such as in the self-interaction
corrected LDA (SIC-LDA) [64]. In the REXX formalism, on the other hand, these standard methods
of unscreening are not applicable, since neither the explicit dependence of vx on the density nor on
the orbitals is known. The solution consists in a application of the atomic OEP method to the pseu-
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doatom. In other words, one solves the REXX equations for the pseudoatom in the form of the OEP
integral equation and obtains vpsx [56, 57]. Since the density dependence of the Hartree potential is
known, the ionic pseudopotential V ion

lj can then be calculated from Eq. (22).
Since solid state calculations are often performed scalar-relativistically, it is useful to define the

spin-averaged pseudopotential [17],

V
ion
l ðrÞ ¼ lþ 1

2lþ 1
V ion
l;lþ1

2
ðrÞ þ l

2lþ 1
V ion
l;l�1

2
ðrÞ : ð24Þ

The difference between the radial logarithmic derivatives of the all-electron wave functions and pseu-
do-wave functions is a widely used measure for the transferability of a pseudopotential. Figure 3
depicts these differences for several atoms, as calculated within the REXX and RLDA, respectively.
These deviations are seen to be systematically smaller in the REXX, indicating superior transferabil-
ity.

As already pointed out, the EXX-Kohn–Sham potential possesses the correct asymptotic limit and
consequently yields bound unoccupied orbitals in atoms, in contrast to LDA. Thus, all angular mo-
mentum components of the EXX pseudopotential can be treated on an equal footing, irrespective of
their occupancy in the neutral atom. We have been able to demonstrate that the ionic REXX pseudo-
potentials only weakly dependent on the valence configuration and therefore show a better transfer-
ability than their LDA counterparts.

2.2.3 Results: Cohesive properties

The EXX scheme has been applied to the cohesive and electronic properties for quite a number of
semiconductors [31]. As already explained, this method calculates the exchange energy exactly but
does not deal with the correlation energy. For realistic predictions, however, correlations need to be
included in a total energy calculation. Therefore, all calculations have been caried out either with no
correlation potential (denoted by EXX(X)), with the standard LDA correlation potential [64] (denoted
by EXX with no further addition), or with the GGA correlation functional [5] (denoted by
EXX(GGA)). Standard LDA calculations with LDA exchange and correlation functionals are denoted
by LDA. The pseudopotentials employed in the solid state calculations are consistent in the sense that
they are constructed with the same Hamiltonian in the atom as is invoked in the solid.
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The calculated EXX equilibrium lattice constants and bulk moduli are summarized in Table 3 and
compared to LDA results as well as to experiment. The LDA values include nonlinear core corrections
according to Ref. [65]. Generally, the lattice constants predicted by the EXX method are close to the
LDA results, in spite of the fact that the EXX calculations do not include a nonlinear core correction
[65]. The EXX method is seen to overestimate experimental bulk moduli by about 20%. This origi-
nates not from the core, but from the valence electrons since LDA calculations with EXX pseudopo-
tentials tend to underestimate the experimental bulk moduli by 5–10%. It has been noticed before
[66] that valence electron correlation effects tend to reduce Hartree–Fock bulk moduli by typically
20%. Thus, a treatment of correlations beyond LDA might be needed for obtaining more accurate
bulk moduli in an exact exchange calculation.

Figure 4 compares the calculated EXX and EXX(GGA) cohesive energies with LDA and Hartree–
Fock results and with experimental data [31]. Whereas the LDA results exhibit the well-known over-
binding effect and overestimate the experimental data by 0.6–2.1 eV/atom, the EXX(GGA) cohesive
energies are seen to agree excellently with experiment. To assess the origin of this good agreement,
we have computed cohesive energies with related methods for comparison. We find that EXX(X), i.e.
EXX without correlations, leads to cohesive energies that are virtually identical to Hartree–Fock
values (cf. Fig. 4). Once one adds either LDA correlations or GGA correlations, the cohesive energies
systematically increase and become closer to the experimental values. With LDA correlations, cohe-
sive energies are still underestimated by 0.5–0.8 eV/atom, whereas GGA correlations produce those
excellent EXX(GGA) results shown in Fig. 4. Similar findings have been reported by adding a GGA
correlation functional to the Fock operator [68].

2.2.4 Results: EXX band structures

Figure 5 compares the calculated fundamental LDA and EXX band gaps for eight semiconductors
with experimental data [31]. As is evident from these results, the EXX formalism leads to band gaps
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Table 3 Theoretical LDA and EXX lattice constants (in �A) and bulk moduli (in Mbar) of Si, Ge, and
GaAs, compared with experimental data (taken from Ref. [21] except where noted otherwise).

LDA EXX expt.

a0 B0 a0 B0 a0 B0

Si 5.39 0.96 5.42 1.15 5.43 0.99
GaAs 5.61 0.74 5.70 0.85 5.65 0.77
GaN 4.49 1.93 4.47 2.39 4.50ð�Þ

ð�Þ – Reference [67]
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that are in excellent agreement with experiment, the deviation being less than 0.1–0.3 eV. By contrast,
the corresponding LDA values are too small by 1–1.5 eV. Noticeably, EXX gaps are much smaller than
the corresponding Hartree–Fock values which are known to dramatically overestimate semiconductor
band gaps. For example, we have computed the minimal Hartree–Fock energy gaps of Si, Ge, and GaAs
to be 7.4, 6.4, and 7.7 eV, respectively, which is in accord with previously calculated results [71].

Correlations seem to have a weak influence on the energy gaps, as far as one can judge from the
available correlation functionals [31]. Within an exchange-only EXX(X) calculation, one finds the
energy gaps to decrease by typically less than 0.1 eV relative to the EXX results. For example, the
minimal gaps within EXX(X) are 1.23, 0.94, and 1.78 eV for Si, Ge, and GaAs, respectively. By
using GGA rather than LDA correlations in the solid state calculation, the energy gaps decrease
slightly by typically 0.2 eV and amount to 0.97, 0.72, and 1.55 eV for Si, Ge, and GaAs, respectively.

The physical origin of the excellent agreement between EXX energy gaps and experiment lies in
the absence of self-interaction and the locality of the exact exchange potential. Since the occupied
valence states do not feel a self-repulsion in EXX, they become more localized and are energetically
lowered relative to LDA. Hartree–Fock is only self-interaction free for the occupied but not for the
unoccupied states. The nonlocality of the Fock exchange potential causes the unoccupied states to
effectively see a different potential (N electrons) than the valence states (N-1 electrons) which gives
rise to the huge energy gap in Hartree–Fock. By contrast, the EXX exchange potential is local and
state-independent, and therefore the same for occupied as well as for unoccupied states.

The EXX approach not only shifts all band gaps upwards in energy, but additionally yields the
correct ordering of the conduction band minima for all studied semiconductors. Thus, it faithfully
reproduces the known k-dependence of the band structure across the whole Brillouin zone. For Si and
Ge, the dispersion relations are depicted in Fig. 6. In the case of Ge, the differences between LDA
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and EXX gaps are particularly strongly k-dependent. Whereas LDA incorrectly predicts a direct and
negative energy gap at G , EXX correctly yields the conduction band minimum at L. The indirect
nature of the energy gap of Ge originates predominantly in the Ge core. Indeed, by performing an
LDA calculation for Ge bulk but employing EXX pseudopotentials, one already finds an indirect band
gap at L that is lower than the direct one at G by 0.18 eV (the experimental value is 0.16 eV). Indeed,
the importance of the core for reproducing the indirect band gap in Ge has been pointed out before
[75].

These results lead to the question whether good band gaps may be obtained already by carrying out
standard LDA calculations for the valence electrons and by employing pseudopotentials that are con-
structed with the EXX scheme. Indeed, such calculation yield generally larger band gaps in G and L
and smaller in X points in comparison to pure LDA calculations. Especially the direct band gaps at G
of GaAs and Ge are increased significantly relative to a strict LDA calculation, giving 0.86 (0.32) eV
and 0.42 (–0.09) eV for GaAs, and Ge, respectively.

It has been also found that EXX calculations predict generally smaller band widths than LDA,
irrespective of the type of pseudopotential used. This may be explained by the enhanced electron
localization induced by the absence of self-repulsion in EXX. The only exceptions are the small core
compounds C and AlN. This indicates that EXX slightly overestimates the localization of valence
states since EXX band widths are generally a few percent smaller than the experimental values.

2.2.5 Results: EXX effective masses

Since the Kohn–Sham potential in the EXX approach is local, all momentum states see the same
potential. This greatly simplifies band structure calculations relative to Hartree–Fock type or GW type
methods [71, 76]. Therefore, EXX allows one to compute effective band masses as easily as LDA
does. It is well known that LDA effective masses agree rather poorly with experimental data in some
materials where the LDA predicted energy gap is much too small, such as GaAs where the LDA
effective conduction band mass (0.03m0) is by more than factor two smaller than the experimental one
(0.067m0) [77, 78]. The EXX method overcorrects the LDA error yielding an effective conduction
band mass of 0.10m0 for GaAs [31]. Generally, EXX electron masses are found to be almost equal to
or larger than the corresponding LDA masses and show systematically better agreement with experi-
ment in cases were LDA fails markedly. This is in qualitative accord with standard k � p theory which
predicts band masses to change roughly in proportion to energy gaps.

The Luttinger parameters [79] L, M, and N that characterize the warped structure of the three top-
most valence bands near G point have been also investigated [31]. These parameters were determined
numerically by fitting the three-band k � p band structure [79] to the LDA and EXX bands. In units of
�h2=2m, the triplet (–L, –M, –N) for GaAs is given by (56.56, 4.01, 57.71) within LDA and by
(11.20, 3.48, 11.97) within EXX. In this case, EXX agrees substantially better with the experimental
values [21] of (15.49, 3.94, 16.09) than LDA does. In some other materials, however, EXX tends to
predict hole masses that are slightly too heavy which is consistent with the trends in the valence band
widths. In Si, for example, we find (–L, –M, –N) to be given by (7.15, 4.75, 9.17), (5.64, 3.89,
6.86), and (6.64, 4.60, 8.68), within LDA, EXX, and experiment, respectively.

2.2.6 Dielectric functions

In this section we will show that the EXX approach not only yields excellent band gaps but also
accurately predicts optical properties such as dielectric functions and reflectivities [31]. Figure 7 de-
picts a representative example, the imaginary part of the dielectric function of GaAs namely, which is
given by

e2ðwÞ ¼
4p2e2�h2

3m2Ww2

X
vck

jhvkj p jckij2 dð�hw� eck � evkÞ ; ð25Þ

phys. stat. sol. (c) 1, No. 8 (2004) / www.pss-c.com 2015

# 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



where p is the momentum operator. The exchange-correlation, local field and nonlocal pseudopotential
effects have been neglected in this expression, since they are known to have only a minor effect on
the peak positions [80, 81]. For the k summation in Eq. (25), 328 k points in the irreducible wedge of
the Brillouin zone were taken into account. It is apparent from Fig. 7 that the position of the EXX
calculated absorption edge E0 as well as of the two prominent peaks labeled E1 and E2 are much
closer to the measured data than LDA. As is well known, a k-independent scissors operator correction
to the LDA band structure cannot achieve such an improvement [82]. In accord with other calcula-
tions [80, 81, 83], the height of the E1 peak still does not fit the experimental one very well which
may be caused by the neglect of excitonic, many-body, and surface effects.

In passing we note that quasiparticle corrections to EXX band gaps have been found to be small
[85, 86] which provides another argument in favor of this method.

3 Relativistic electronic structure of semiconductors

While there is an ever increasing number of LDA-based ab-initio codes that are made available to the
physics community (e.g. the Fritz haber code FHI98md), only very few codes include relativistic,
particularly spin-orbit effects, nonperturbatively. Since spin lifetimes in semiconductors have become a
central issue for quantum information, however, LDA calculations of spin-orbit related effects in semi-
conductors have become very relevant.

In this section, we present an implementation of the relativistic LDA method including the construc-
tion of relativistic pseudopotentials for semiconductor structures, assess their accuracy and provide
some illustrative applications. This is new material that has not been published so far. We note that
the spin-orbit interaction in semiconductors arises from the p- and d-electrons in the core and thus
enters the electronic Hamiltonian only in the ionic pseudopotential explicitly since the gradients of the
potential generated by the valence electrons are much weaker than the gradients of the ionic potential.

3.1 Relativistic ionic separable pseudopotential

The ionic pseudopotential for an atom can be written in terms of the pseudopotential components
V ion
lj ðrÞ introduced in Sect. 2.2.2 as follows

Vps
ionðrÞ ¼

X
ljm

jljmi V ion
lj ðrÞ hljmj ; ð26Þ

where jljmi � YljmðrÞ are spherical spinors, and j ¼ l� 1=2. The atomic pseudopotential can be split
into the scalar relativistic spin-averaged pseudopotential and the spin-orbit pseudopotential [17]

Vps
ionðrÞ ¼

X
lm

jljmi ½V ion
l ðrÞ þ V

ion
l;soðrÞ L � S� hlmj ; ð27Þ
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where V
ion
l ðrÞ and V

ion
l;soðrÞ are given by

V
ion
l ðrÞ ¼ lþ 1

2lþ 1
V ion
l;lþ1=2ðrÞ þ

l
2lþ 1

V ion
l;l�1=2ðrÞ ; ð28Þ

V
ion
l;soðrÞ ¼

2
2lþ 1

½V ion
l;lþ1=2ðrÞ � V ion

l;l�1=2ðrÞ� : ð29Þ

The first term in Eq. (27) contains all scalar parts of the relativistic pseudopotential, mass velocity
and Darwin contributions, and is included into any available pseudopotential scheme, whereas the
second term is the spin-orbit interaction and has only rarely been taken into account. The vector part
of the nonlocal pseudopotential can be treated exactly or as a perturbation [18, 87]. In both ways, the
spin-orbit splitting of the valence bands near G point in bulk Ge, GaAs, and InSb has been calculated
[18, 87]. In superlattices or systems with many atoms per unit cell, however, the computational effort
of its calculation rises sharply, since the vector part of the nonlocal pseudopotential cannot be cast
into a separable form [88] that greatly facilitates LDA total energy calculations. Fortunately, this
problem is only associated with the averaging procedure in Eq. (28) and a separable form of the entire
relativistic nonlocal pseudopotential can be constructed indeed [89, 90]. This is the approach that we
have pursued. The entire relativistic nonlocal separable pseudopotential can be written as

V
sep
ionðrÞ ¼ Vloc þ

X
ljm

jdVlj RljYljmi hdVlj RljYljmj
hRljj dVlj jRlji

; ð30Þ

where dVlj ¼ V ion
lj � Vloc, and Vloc simply represents one (arbitrarily) chosen lj component of the pseu-

dopotential, Rlj is the radial part of the pseudofunction that fulfils Eq. (21), and Yljm is the spherical
spinor. The latter function can be decomposed into spherical harmonics Yl

m and spin functions cþ and
c�,

Yl;j¼l�1=2;mj
¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l� mj þ

1
2

2lþ 1

vuut
Yl
mj�1=2cþ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l� mj þ

1
2

2lþ 1

vuut
Yl
mjþ1=2c� : ð31Þ

These expressions are then inserted into Eq. (30). The plane wave basis jGi (G labels the reciprocal
vectors) is now doubled and contains states corresponding to both spin directions jG;þi = jGicþ, and
jG;�i = jGic�. The calculation of the matrix elements of the relativistic nonlocal separable pseudo-
potential in this doubled basis is rather straightforward. The doubled Kohn–Sham Hamiltonian matrix
is diagonalized using standard iterative techniques. A similar approach based on separable pseudopo-
tentials has already been proposed by Hemstreet et al. [19]. However, their approach neglected terms
of higher than first order in V

ion
l;so and treated spin-orbit terms in first order perturbation theory. There-

fore, the spin-orbit terms do not contribute to the ground state energy in the scheme of Ref. [19]. By
contrast, the ground state total energy contains all relativistic effects in the present scheme. This
procedure for incorporating the spin-orbit interaction into an ab-initio pseudopotential calculation can
be implemented in any version of density functional theory, such as LDA, GGA, SX-LDA, or EXX.

3.2 Results: Split-off valence bands in zinc-blende and wurtzite semiconductors

To illustrate the accuracy of relativistic pseudopotential LDA calculations, we calculated the top va-
lence band spin-splitting D0 ¼ EðG8vÞ � EðG7vÞ in the G-point for several III–V zinc-blende and wurt-
zite semiconductors. The results are depicted in Fig. 8 and compared to experiment. The agreement
with experimental data is excellent. The results show that the magnitude of D0 is largely determined
by the anion which is consistent with the anion p-type character of the valence band in the com-
pounds considered. Thus, D0 follows the atomic trends of the spin-orbit splitting.

In the wurtzite structure, the top of the valence band at the G point consists of a doubly degenerate
G9 and two doubly degenerate G7 states. At zero strain, the doubly degenerate energies of the valence
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band maximum are conventionally written as [91]

EðG9Þ ¼
1
3
D1 þ D2 ; ð32Þ

EðG7þÞ ¼ � 1
2

D1

3
þ D2

� �
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D1 � D2

2

� �2

þ 2D2
3

s
; ð33Þ

EðG7�Þ ¼ � 1
2

D1

3
þ D2

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D1 � D2

2

� �2

þ 2D2
3

s
; ð34Þ

where the center of gravity of these three bands has been set to zero. The constants D2 and D3 are
spin-orbit Hamiltonian matrix elements, whereas D1 is conventionally termed the crystal-field split-
ting. This constant can be independently determined by performing nonrelativistic calculations [92,
93]. When this constant obey the condition D1 > 0 these band states are ordered such that
G7� < G7þ < G9 [92, 93]. This is fulfilled in GaN and InN. The opposite case of D1 < 0 is realized
in AlN. In that case, the states form the sequence G7� < G9 < G7þ [92, 93]. Once the constant D1

has been determined, one can extract the spin-orbit splitting constants D2 and D3 from relativistic
band structure calculations [92, 93]. This procedure yields (D1, D2, D3) equal to (–219, 6.6, 6.7) meV
and (24, 5.4, 6.8) meV for AlN and GaN, respectively.

The exciton energies corresponding to these split valence edge states have been recently measured
in strained GaN films [94, 95] and in relatively thick AlN layers [96]. For AlN, the calculated and
measured (in parenthesis) energy differences agree perfectly with one another and are given by
EðG7þÞ � EðG9Þ = 213 (210) meV, and EðG9Þ � EðG7�Þ = 14 (20) meV. Our relativistic LDA calcula-
tions included strain effects since the exciton energies in GaN have been measured in biaxially
strained films. The calculated positions of the three valence levels EðG9Þ, EðG7þÞ, and EðG7�Þ are
plotted in Fig. 9 as a function of biaxial strain and compared to the experimental data. We note that
the spin-orbit splitting constants D2 and D3 are nearly independent of strain.

3.3 Results: Spin-orbit splitting at a general wave vector

In the previous chapter, we discussed the splitting of the top of the valence band at G caused by the
spin-orbit interaction. However, all states at G remain at least doubly degenerate (Kramers degener-
acy). In a system that lacks invesion symmetry, this two-fold spin degeneracy holds at G and along
certain symmetry lines but is lifted at a general Bloch electron wave vector. The spin splitting near
the band extrema manifests itself in a range of physical phenomena such as polarized luminescence or
spin-relaxation. Since it is extremely difficult to measure the magnitude of the spin-splitting away

2018 J. A. Majewski et al.: Advances in the theory of electronic structure of semiconductors

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

[eV]

T
h

eo
ry

[e
V

]

Experiment

In
S

b
G

aS
b

A
lS

b

In
A

s

In
P

G
aA

s
A

lA
s

G
aP

Fig. 8 Comparison of the calculated and experimental spin split-
ting of the valence band in several semiconductors.

# 2004 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim



from the high symmetry band extrema, reliable theoretical predictions of the spin-splitting are of great
importance for a quantitative description and understanding of spin phenomena in semiconductors.

We consider here the spin-splitting in zinc-blende materials near the G point. In bulk zinc-blende
binary compounds, the conduction and split-off valence bands, of G6 and G7 symmetry, respectively,
exhibit a spin-splitting of order k3 that is strongly anisotropic [98]. This spin-splitting is given by

DE ¼ 2g
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
W2

x þW2
y þW2

z

q
; ð35Þ

where Wx = kxðk2y � k2z Þ, and Wy = kyðk2z � k2xÞ, and Wz = kzðk2x � k2yÞ and g is a constant. We have
calculated the value of this so-called Dresselhaus constant with our LDA calculations, using the relati-
vistic separable pseudopotential method detailed above. For conduction band of GaAs, we find a value
of gc = 44.3 eV �A3. For the split-off band, this constant is given by gso = 50.4 eV �A3. Both of these
values agree very well with predictions using semilocal (i.e. non-separable) pseudopotentials [18] that
give gc and gso equal to 50 eV �A3, and 45 eV �A3, respectively. We note that LDA-LMTO calculations
produce even larger values, gc = 82 eV �A3 [100]. However, by empirically adjusting the LDA energy
gap to the experimental value, this Dresselhaus constant gets reduced to about 15 eV �A3 [99]. The
experimental value of gc ¼ 25:5 eV �A3 [99] lies in between these values. Thus, spin-splitting of the
first conduction band is strongly dependent on the energy gap.

In the manifolds of top valence bands that arise from the G8 state, there are linear-k spin-splitting
terms. The energies of the four top valence bands are given, for small values of k [101],

E ¼ �C½k2 � ½3ðk2xk2y þ k2yk
2
z þ k2xk

2
z Þ�

1
2�

1
2 : ð36Þ

Our pseudopotential calculations yield C = 4.9 meV �A for bulk GaAs, which compares well with other
pseudopotential [18] and LMTO [99] calculations, where values of C = 3.4 meV �A and C = 3.6 meV
�A have been obtained, respectively. The linear-k terms originate in atomic d-states to the valence band
states. If one constructs pseudopotentials without any d (and higher angular momentum) components,
one does not obtain linear k spin-splittings. In contrast to the situation with the lowest conduction
band, the magnitude of C depends only weakly on the energy gap. In order to assess this dependence,
we calculated the band structure of GaAs as a function of hydrostatic pressure. For pressures that
change the energy gap by a factor of three, the constant C changes only by 20%, whereas the value of
gc changes by 830%. The latter result agrees with earlier perturbative calculations [100].

4 Electronic structure methods for mesoscopic systems

Once the number of atoms per unit cell (or supercell) exceeds a few hundred, microsocopic methods
that take into account the detailed atomistic structure become not only unfeasable altogether but also
impractical as the observables of interest are slowly varying over atomic distances. In spite of many
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attempts to develop alternatives, there is still only one established and well-studied electronic structure
method that is suitable for systems of mesoscopic length scales. This is the enveloppe function ap-
proach that is based on the k � p-method [102–105].

In spite of its known limitations and shortcomings [106], this method has been amazingly success-
ful in predicting semiconductor nanostructures. For heterostructures, there are two variants of this
method that are most commonly employed, one that is based on the original Kohn–Luttinger ap-
proach [102, 103] and another one that is based on the work by Burt and Foreman [104, 105], but the
results differ only insignificantly [107].

Based on the enveloppe function approach, we have developed a realistic simulator of three-dimen-
sional semiconductor nano-structures and optoelectronic nano-devices over the last few years that we
termed nextnano3 [108–110]. Such a program package must meet two requirements. Firstly, it should
model the electronic structure of any combination of quantum wells, wires, and dots accurately on a
length scale from nm to mm. Secondly, a device simulator should self-consistently account for the charge
redistribution under applied voltage and for the resulting current [111]. Several models of this kind have
been developed in the last few years that can deal with fully three-dimensional device geometries, and
invoke one-band [112], or several-band k � p-models [113–116]. Here, we review the basic methods and
some results obtained with nextnano3 [108–110] that meet both requirements mentioned above. As con-
crete examples, we discuss a study of self-assembled GaAs/InAs single-quantum dot photodiodes [117]
and the relation between alloy profiles and exciton Stark shifts in such quantum dots.

4.1 Three-dimensional nanodevice simulator nextnano3

The simulator [108–110] solves the 8-band-k � p-Schr�dinger-Poisson equation for arbitrarily shaped
3-D heterostructure device geometries, and for any (III–V and Si/Ge) combination of materials and
alloys. It includes band offsets of the minimal and higher band edges, absolute deformation potentials
[118], local density exchange and correlations (i.e. the Kohn–Sham equations), total elastic strain
energy [116, 120], long-range Hartree potential induced by charged impurity distributions, voltage
induced charge redistributions, piezo- and pyroelectric charges, as well as surface charges, in a self-
consistent manner. The charge density is calculated for a given applied voltage by assuming the
carriers to be in a local equilibrium characterized by energy-band dependent local quasi-Fermi levels
EFcðxÞ for charge carriers of type c (i.e. in the simplest case, one for holes and one for electrons),

ncðxÞ ¼
X
i

jY icðxÞj2 f
EFcðxÞ � Eic

kBT

� �
: ð37Þ

These local quasi-Fermi levels are determined by global current conservation r � jc ¼ 0, where the
current is assumed to be proportional to the density and to the gradient of the quasi-Fermi level
(associated with each band) exactly as in the semiclassical limit (see, e.g. [121]),

jcðxÞ ¼ mcncðxÞ rEFcðxÞ : ð38Þ
The carrier wave functions Y ic and energies Eic are calculated by solving the multi-band Schr�dinger-
Poisson equation. The open system is mimicked by using mixed Dirichlet and von Neumann boundary
conditions [119, 122, 123] at Ohmic contacts. The charge density at these contacts is assumed to be
equal to the bulk equilibrium density. Thus, the quasi-Fermi levels and the potential in the contact
region are fixed according to the applied voltage. Our method leads to globally orthogonal eigenstates
including valence (split-off, light and heavy hole) and conduction band states. Further, it automatically
includes tunneling, and yields optical transition energies and as well as optical matrix elements and
can take into account magnetic fields.

4.1.1 Computational scheme

The computational methods employed solve the Kohn–Sham-Schr�dinger, Poisson and current conti-
nuity equations iteratively using conjugate gradient, inverse-iteration, Jacobi-Davidson [124] and pre-
dictor-corrector methods [125] in an inhomogeneous finite difference framework.
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For a given nano-structure, the computations start by globally minimizing the total elastic energy
[126] using a conjugate gradient method. This determines the piezo-induced charge distributions, the
deformation potentials and band offsets. Subsequently, the 8-band-Schr�dinger, Poisson, and current
continuity equations are solved iteratively. All equations are discretized according to the finite differ-
ence method invoking the box integration scheme [112, 124]. The irregular rectilinear mesh is kept
fixed during the calculations. As a preparatory step, the built-in potential is calculated for zero applied
bias by solving the Schr�dinger and Poisson equation self-consistently employing a predictor-corrector
approach [125] and setting to zero the electric field at the Ohmic contacts. For applied bias, the Fermi
level and the potential at the contacts are then shifted according to the applied potential which fixes
the boundary conditions. The main iteration scheme itself consists of two parts. In the first part, the
wave functions and potential are kept fixed and the quasi-Fermi levels are calculated self-consistently
from the current continuity equations, employing a conjugate gradient method and a simple relaxation
scheme. In the second part, the quasi-Fermi levels are kept constant, and the density and the potential
are calculated self-consistently from the Schr�dinger and Poisson equation. The discrete 8-band-Schr�-
dinger equation represents a huge sparse matrix (typically of dimension 106 for 3D-structures) and is
diagonalized using the Jacobi–Davidson method [124] that yields the required inner eigenvalues and
eigenfunctions close to the energy gap. We very slightly shift the spin-up and spin-down diagonal
Hamiltonian matrix elements with respect to each other in order to avoid degeneracies and guarantee
orthogonal eigenstates automatically. To reduce the number of necessary diagonalizations, we employ
an efficient predictor-corrector approach [125] to calculate the potential from the nonlinear Poisson
equation. In this approach, the wave functions are kept fixed within one iteration and the density is
calculated perturbatively from the wave functions of the previous iteration [125]. The nonlinear Pois-
son equation is solved using a modified Newton method, employing a conjugate gradient method and
line minimizations. The code is written in Fortran 90 and consists of some 200000 lines by now.

4.1.2 Application: Piezoelectric fields and electron-hole localization in quantum dots

As a first application, we discuss a theoretical analysis of single-quantum-dot photodiodes consisting
of self-assembled InGaAs quantum dots with a diameter of 30–40 nm and heights of 4–8 nm that are
embedded in the intrinsic region of a Schottky diode [109]. Recent experiments [117, 127] have indi-
cated inverted electron-hole alignments with the electron at the base and the hole at the top of the dot,
in contrast to what earlier theoretical calculations [114, 115] had predicted. This study reveals that the
elastic strain and accompanying piezoelectric fields strongly depend on the geometric shape and alloy
composition of dots. We find, in agreement with [113], dots of pyramidal shape to possess large piezo-
electric polarization charges in the corners that lead to a strong hole confinement near the dot edges
(Fig. 10a). By contrast, lens-shaped dots of similar size have much weaker charges and are found to
lead to electron and hole states near the center of the lens which significantly improves the exciton
absorption (Fig. 10b).

4.1.3 Application: Vertical and lateral Stark shifts of excitons in quantum dots

In this section, we present systematic predictions of the bias dependence of the electronic structure of
self-assembled quantum dots for a wide variety of dot shapes, alloy profiles and show that the com-
bined effect of applied and (piezoelectric) internal electric fields yields detailed information about
shape and composition profiles. We note that the computational efficiency of nextnano3 has allowed
us to study hundreds of configurations and biases systematically. We have obtained a detailed under-
standing of the excitonic properties in quantum dots as a function of lateral as well as vertical electric
fields. We were able to show that these field dependent excitonic transition energies provide unambig-
uous information about the shape and alloy composition of the quantum dot in all 3 dimensions,
including the vertical and lateral variations of the Indium concentration in the InGaAs quantum dot.

The excitonic energy has been calculated self-consistently within the Hartree approximation. As-
suming a separable exciton wave function, the Coulomb interaction between electron and hole is
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calculated by iteratively solving the Poisson and Schr�dinger equation for each particle taking into
account external and internal potentials including image charges due to the variation of the dielectric
constant.

The simulated structure consists of a 20 nm thick GaAs substrate, a 1 nm wetting layer with an
Indium content of 50% and the quantum dot with an In concentration that varies from 50% to 100%.
The dot is capped by a GaAs layer. We have examined two classes of quantum dot shapes that have
been discussed in the literature [113, 128, 129], lens-shaped and truncated pyramidal (“obelisk”) dots
namely. The height of the quantum dot has been systematically varied from 3 to 5 nm and the base
width from 15 to 25 nm, respectively. These values lie within the range of experimentally estimated
dot sizes. In addition, we considered two types of alloy profiles, a simple linear and an angular pro-
file. In the latter case, the Indium concentration varies with the polar angle relative to the center axis
of the dot. This profile is supported by STM measurements and by theoretical models [130] of the
growth process and leads to an inverted pyramid of high Indium content inside the quantum dot. The
most important feature of this alloy profile is the fact that it produces a vertical and a lateral variation
of the Indium concentration which has been neglected so far.

The change of the single exciton transition energy in response to an applied bias, i.e. the quantum-
confined Stark shift, is a widely studied effect in quantum dots [117, 128, 131–136]. So far, theoreti-
cal and experimental work focused solely on the effect of vertical electric fields applied along the
quantum dot growth axis. However, fabrication of four terminal photodiode structures that incorporate
a pair of implanted top contacts in a lateral split-gate geometry, in addition to a vertical MIS photo-
diode structure, would enable the simultaneous application of vertical and lateral electric fields. De-
vices incorporating such lateral capacitor concepts have already been realized in the II–VI system
[134], enabling application of laterally orientated electric fields in the range �20 kV/cm. Our calcula-
tions show that the analysis of the response of the exciton wave function to simultaneously applied
lateral and vertical electric fields provides a whole new inside into the structure and the composition
of the quantum dot.

We have studied three different lateral field directions in the present calculations as shown in
Fig. 11. Note that the strain and the resulting piezoelectric charges lead to an asymmetry which is
reflected in the different Stark shifts for the various directions.

We have calculated the ground state exciton energy as a function of the vertical (Fv) and lateral (Fl)
electric field and have fit the resulting Stark curves to a biquadratic form,

EðFl;FvÞ ¼ E0 þ plFl þ pvFv þ clF
2
l þ cvF

2
v þ clvFlFv : ð39Þ
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Here, E is the excitonic transition energy, E0 the zero-field energy, pv and pl are the intrinsic (vertical
and lateral) dipole moments along the field that reflect the zero-field separation of the electron and
hole wave function and cv, cl are the (vertical and lateral) polarizabilities.

4.1.4 Vertical dipole moment as a function of the lateral electric field

Our calculations show that the change of the vertical dipole moment that follows from the response of
the exciton to the vertical field for given lateral electric field depends very sensitively on the shape of
the quantum dot. In fact, the vertical dipole moment increases with increasing lateral electric field for
the obelisk shaped dots but decreases for the lens shaped QDs (see Fig. 12). This is true irrespective
of the type of alloy profile even though the effect is less pronounced for the radial profile due to the
stronger lateral confinement of the hole. The physical origin of the pronounced lateral field depen-
dence of the dipole moment may be understood as follows. The hole wave function is always located
near the tip of the QD and thus basically moves along the surface of the dot when a lateral field is
applied. The electron wave function, on the other hand, is more extended and remains delocalized
within the entire QD up to fairly high values of the lateral field. Since the top part of the obelisk QD
is flat, the center of mass of the hole stays at a constant height and moves along the surface with
increasing lateral field. This effect alone would lead to a constant dipole moment. However, the large
strain at the edge of the obelisk deforms the confining potential in such a way that the hole gets partly
localized outside the QD. This leads to an increase in the dipole moment. By contrast, a lens shaped
QD possesses a curved surface that becomes thinner towards the edge so that the vertical distance
between the centers of mass of hole and electron wave function necessarily decreases with increasing
field. This explains qualitatively the results shown in Fig. 12. We note that fairly high lateral fields of
more than 50 kV/cm are needed for observing a significant change in the dipole moment which may
not be easy to realize experimentally.

4.1.5 Lateral polarizability for different alloy profiles

The polarizability of the exciton in a lateral electric field is another sensitive measure of the alloy
profile of the quantum dot that depends particularly on the base width of the QD (see Fig. 13). In the
case of the vertically linear alloy profile, one has a laterally homogeneous Indium concentration. Not
surprisingly, this yields a very large polarizability for both types of QD shapes. The radial alloy
profile, on the other hand, leads to an inverted pyramid of Indium content in the QD that in turn gives
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a strong lateral confinement of the hole. This effect reduces the polarizability drastically, typically by
a factor of 2 compared to the linear alloy profile. Therefore, the alloy profile can be determined once
the width of the quantum dot is known. The dots with a radial profile show a base width dependence
of the polarizability that is very similar for both types of QD shapes. By contrast, QD with a laterally
homogeneous profile possess a strong width dependence of the polarizability when they are obelisk-
shaped but a weak one in the lens-shaped case. This is due to the fact that the curved surface of the
lens QD enhances the lateral confinement which in turn limits the polarizability.
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